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Introduction and goal
@000

Invertible Pencils

Let A= (aj)ij is a (n+1)x (n+1) matrix of natural numbers. Define:

n n
Fp:= Z ij’” € Z[x0,- -, Xn]-
i=0,j=0

A homogeneous invertible polynomial is a polynomial of the form F, satisfying:

1. det(A) #0.

2. Fp is homogeneous of degree n+ 1.

3. Fa:C™1 = C has a unique critical point at the origin.
For a parameter y, we can deform an invertible polynomial and to get a family of
polynomials:

Fa—dTyxg  xn,

where dT € Z.

The family of varieties defined by those polynomials
V(Fa—dTwxo---x,) C P"

is called an invertible pencil.
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Classification

There is a classification of invertible polynomials (and consequently pencils) due to
Kreuzer and Skarke [KS92]. For n =3 it has ten classes

O X +y*+ 2+ wh —dyxyzw 0 By +y*+ 24+ wh — 12yxyzw
Q By +y3z+23x+wh —dyxyzw QO By+yr+BwHwiz - 1R2uxyzw
Q X3y +y3x+ 24+ wh —dyxyzw Q By +y*+ 3w+ w—6yxyzw
Q By +y3x+ZBw+wiz—4yxyzw O X3y +y3z+ 24+ wh —36yxyzw
QO By +y3z+ 8w+ wix—4yxyzw @ 3y +ydz+ 8w+ wt —2Tyxyzw

Those pencils define families of quartic hypersurfaces in P3 whose generic member is
smooth.
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K3 surfaces

A K3 surface over a field k (for today, think C or Fg) is a smooth irreducible algebraic
variety X of dimension two such that wx := Qi/k ~ Ox and HY(X,0x) =0.

| \

Example

Every smooth quartic hypersurface V(f) C P3, where f € [(P3,0(4)) is a degree
four homogeneous polynomial, is a K3 surface.

We can think of K3 surfaces as a generalisation of elliptic curves (rich arithmetic) in
dimension two.
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Goal

The pencils on the left were studied in [Dor+-20]. Precisely, the authors computed the
L-functions of each pencil using hypergeometric functions.
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Goal

The pencils on the left were studied in [Dor+-20]. Precisely, the authors computed the
L-functions of each pencil using hypergeometric functions.

Our goal is to understand the arithmetic (L-functions) of the remaining five invertible
pencils:

6. X3y +y*+ 24+ wh — 12yxyzw

7. Xy +y 4+ Bw+wdz — R2yxyzw

8. X3y +yr+Bw+ wh — 6yxyzw

9. X3y +y3z+ 24 +w* —36yxyzw
10. X3y +y3z+ 23w+ w* —27Tyxyzw
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Knowing the L-function of such examples could be useful as a source of test-examples
in the context of “modularity” for K3 surfaces.
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6. X3y +y*+ 24+ wh — 12yxyzw

7. Xy +y 4+ Bw+wdz — R2yxyzw

8. X3y +yr+Bw+ wh — 6yxyzw

9. X3y +y3z+ 24 +w* —36yxyzw
10. X3y +y3z+ 23w+ w* —27Tyxyzw
Knowing the L-function of such examples could be useful as a source of test-examples
in the context of “modularity” for K3 surfaces.

Today we focus on
Xy : By+ydz+Bwwt — 27yxyzw = 0.
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Varieties over finite fields and point counts

Let p be a prime and g a power of p. If X is a variety defined over [, given a finite
extension Fgm, we can compute #X(Fgm) for every m > 0. We then pack them
together in the zeta function

Zy(X, T) = exp ( y #X(qu)%m> .

m=1

For our variety Xy, the set Xy (Fqm) will be the set of points of P%qm satisfying the
equation

Py +ylz+ 2w+ wt —27yxyzw = 0. (1)

Thus, #Xy(Fgm) “counts solutions for equation (1) with coordinates in Fgn".
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Weil conjectures in the context of smooth quartics in P3

Finite Fields Weil conjectures Complex numbers

Zeta function at a good prime p Cohomology (Betti numbers)

Zp(Xy, T) =1/(Px, (T)(1 f;')(f:pT)(l_p2 ) N 0
AR 1 + 19 1
N 0 0

Let S = S(y) denote the set of good primes of Xy, we define

Ls(Xy,s) == [T(Px,(p~) "
pZS
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Hypergeometrics over C

If ¢ ={a,...,0q},B=1{P1,...,Ba} C Q are d-multisets, the generalised
hypergeometric series associated to @, B is defined as

dFa-1(e, B | x) = ;%Xﬂ,

a(a+1)---(a+n—-1)ifn>0
where () = {1 if n=0

If 1€ B, then 4Fy_1(e,B | x) converges for |x| < 1.

Hypergeometric functions over C are related to periods of invertible pencils (right-hand
side of the previous diagram).
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Hypergeometrics over Fg
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Hypergeometrics over I,

Let g* :=q—1.
o We would like to define a Fg-version of the hypergeometric series.

o We start by rewriting it in terms of the I function

o d n
dFd 10¢I3|Z ZI—'IIr a; + rgi ﬁl) ﬁl)( 1)nd n

o We recall that Gauss sums are finite—field analogues of T.

o We take @ a generator of the group Hom(F;,C*), © non-trivial element of
Hom((Fq,+),C*), m € Z and define the Gauss sum as

= Z 0™ (x)O(x) € C.

xeFg
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Hypergeometrics over Fg
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Hypergeometrics over I,

v Mo+ n)l(1 i nd _n
dFa-1(a,B|z)= anoll—Il (al'(a, r(1— ﬁ)ﬁ)( )dZ.

Definition (McCarthy,Katz,Greene)

Now suppose that a, B satisfy g* o, q*B; € Z, i=1,...,d. For t € g we define

1 L g(mtaig)g(=m=Big*) . dm
HoleB 1) = - X 15 aemecpay 0™

The conditions g* &, g B; € Z for every i =1,...,d are restrictive. There is a way to
remove them and give a more general definition. | won't talk about it.

10/13



The results
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Let
Xy : By+ydz+Bwtwt — 27yxyzw =0
and consider the parameters

o= {77iil§170£§£&11£@2§§&
277277277277 272 272 277 277 277 277 277 277 277 277 277 277 27° 27

3 {1211234151234567]7]7)}
37372957575157676 77 72777 7°

63 245 57 II/_27'

Let p > 2 be prime and q = p" for some r € N,

#Xy(Fq) = ¢°+2q+1+2g8[q =1 (mod 3)] + Hg(ex, B | 1).

Sketch of Proof

We use the formula of Koblitz for the number of points on a projective hypersurface to
write #Xy(IFq) as a sum involving Gauss sums and characters. Once this is done, we
recognise the hypergeometric function.

.
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The results
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The L-function

We plug the formula
#Xy(Fq) = ¢° +2q+142q8[g =1 (mod 3)] + Hy(ex, B | t)
into the series for the zeta function

o Tm
Zy(Xy, T) =exp ( 2—'1 #Xw(qu)T)

and, after some manipulations, get

The (incomplete) L-function of Xy, factorizes as

LS(XIIHS) = CS,Q(iﬁ)(S_ 1)C$(5_ 1) -Ls (H(avﬁ | t)vs)v

where S = S() is the set of bad primes of Xy.
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Concluding remarks, References and thank you!

@ A similar approach works for the other four pencils.

o This completes the study of the (incomplete) L-functions of the ten invertible
pencils of K3 surfaces in P3.
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